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For graphs G and H we write G wind H if every 2-edge colouring of G yields an
induced monochromatic copy of H. The induced Ramsey number for H is defined
as rind(H)=min[ |V(G)|: G w
ind H]. We show that for every d1 there exists an
absolute constant cd such that rind(Hn, d)ncd for every graph Hn, d with n vertices
and the maximum degree at most d. This confirms a conjecture suggested by W. T.
Trotter.  1996 Academic Press, Inc.
1. Introduction
For given graphs G and H we write G  H, if every 2-edge colouring of
edges of G results in a monochromatic copy of H. If, furthermore, for each
such colouring one can find a monochromatic copy of H which is induced
as a subgraph of G, we emphasize this fact by putting G wind H. The
[induced] Ramsey number r(H)[rind(H)] is defined as the minimum
number of vertices in G for which G  H[G wind H], i.e
r(H)=min[ |G|: G  H] and rind(H)=min[ |G|: G w
ind H].
Since, it was independently established by Deuber [7], Erdo s, Hajnal and
Po sa [9] and Ro dl [12], for every graph H there exists G such that
G wind H, and thus G  H, both r(H) and rind(H) are always well defined.
However the exact values of r(H) and rind(H) have been determined only
for a limited number of special graphs H, and fairly often the asymptotic
behaviour of these functions is very hard to study even for natural classes
of graphs.
In this note we shall deal with the behaviour of rind(H) for graphs with
bounded maximum degree. Let us first recall briefly few results of this kind
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concerning `ordinary' Ramsey numbers. In [1] Beck proved, that for
graphs Hn, d with n vertices, the maximum degree d, and the chromatic
number hd+1 we have
r(Hn, d)(2n)2d
2h&3
.
On the other hand, Chva tal, Ro dl, Szemere di and Trotter [6] showed that
for graphs with the bounded maximum degree the Ramsey number grows
linearly with the order of the graph, i.e. for every d1 there exists a con-
stant Cd such that
r(Hn, d)Cdn
for each Hn, d with n vertices and the maximum degree at most d. (It should
be mentioned however, that the constant Cd grows very quickly with d, and
when d   as n   usually Beck's result leads to a much better upper
bound for r(Hn, d)). Another extension was obtained by Chen and Shelp
[5], who observed that the requirement that Hn has a bounded maximum
degree can be replaced by a somewhat weaker condition. Nevertheless, the
fundamental question of Burr and Erdo s [4], who asked whether for every
constant d there exists C$d such that r(Hn)C$dn for every graph Hn with
n vertices which contains no subgraphs with the minimum degree larger
than d, remains open.
Much less is known about the behaviour of rind(H). It can be proved
that for every graph Hn on n vertices rind(Hn) grows slower than 22
n1+o(1)
,
and, in the case of bipartite graphs, this upper bound can be replaced by
cn for some absolute constant c. Furthermore, Beck [2] proved that for
every tree Tn on n vertices we have rind(Tn)n3(log n)4, provided n is large
enough, and Haxell, Kohayakawa and 4uczak [10] showed that
rind(Cn)=O(n), for a cycle Cn of length n. Tom Trotter asked whether, in
fact, for every graph Hn, d on n vertices with maximum degree d the number
rind(Hn, d) is bounded from above by ncd, for some constant cd . The main
result of this note settles his conjecture in the affirmative.
Theorem 1. For every d1 there exists a constant cd for which the
following holds. For every n1 one can find a graph G with at most ncd
vertices such that G wind Hn, d for every graph Hn, d with n vertices and the
maximum degree at most d.
2. Saturating Sets
In the sequel we introduce the notion of a saturating set, which is exten-
sively used throughout the note, and show an elementary Ramsey-type
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result, which, together with the existence theorem given in the next section,
will serve as a basis for the proof of Theorem 1.
Let G be a graph and let V1 , ..., Vk and W be disjoint subsets of the ver-
tex set of G. We say that W saturates sets V1 , ..., Vk if |W |=>ki=1 |Vi | and
for every choice of vertices v1 , ..., vk such that vi # Vi for i=1, ..., k, there
exists precisely one vertex w # W such that v1 , ..., vk are the only neighbours
of w in ki=1 Vi . The following simple observation will be crucial for our
argument.
Claim 2. If W saturates V1 , ..., Vk in a graph G then, for every colouring
of edges of G with red and blue, every natural number m, where 2mk,
and every vertex v1 # V1 , either
(i) there exists a subset Wr of W such that W r saturates
[v1], V2 , ..., Vm and all edges between v1 and Wr are coloured red, or
(ii) there exists a subset Wb of W such that W b saturates
[v1]Vm+1 , ..., Vk and all edges between v1 and Wb are coloured blue.
Proof. Let us suppose that V1 , ..., Vk , W, m and v1 # V1 fulfill the
assumptions of Claim 2 but (i) does not hold. Then, there exist vertices
v2 , ..., vm such that vi # Vi for i=2, ..., m, and every edge which join v1 with
the subset W* of W that saturates the sets [v1], ..., [vm], Vm+1 , ..., Vk is
coloured blue. Thus, it is enough to take Wb=W*. K
The following lemma is a straightforward consequence of the above
result.
Lemma 3. Let V1 , ..., Vk and W be subsets of the vertex set of a graph
G, such that W saturates V1 , ..., Vk . Then for every 2-coloring of edges of G
there exist indices 1i1< } } } <ilk, where l=[(13) log3k], sets
Ui , ..., Uil , where UijVij and |Uj ||Vij |2 for j=1, 2, ..., l, and set was
W$W such that:
(i) W$ saturates Ui1 , ..., Uil ,
(ii) all edges between W$ and lj=1Uij are coloured with the same
colour.
Proof. Assume that k3 and set i $1=1, m1=w(k&1)2x. Furthermore,
for a given colouring of the edges of G, define two, not necessarily disjoint,
subsets R1 and B1 of V1 , putting v # V1 into R1[B1] if there exists a subset
Wr(v)[W b(v)] of W which saturates sets [v]V2 , ..., Vm1[[v]Vm1+1 , ..., Vk]
and all edges between v and Wr(v)[Wb(v)] are coloured red [blue]. From
Claim 2 it follows that V1=R1 _ B1 , so at least one of the sets R1 and B1 ,
say B1 , must contain at least |V1 |2 vertices. Then we put i $2=
m1+1, Ui $1=B1 and W1=v # Ui $1 W
b(v).
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Let G2 be the subgraph of G spanned by sets Vi $2 , ..., Vk and W1 , where,
let us recall, W1 saturates Ui $1 , Vi $2 , Vi $2 , ..., Vk . If ki $2+2 then, similarly
as before, we may put m2=w(k&i $2)2x and consider subsets Ri $2 and Bi $2
of Vi $2 which are such that v # Vi $2 belongs to Ri $2[Bi $2] if there exists a subset
Wr1(v)[W
b
1(v)] of W1 saturating [v], Vi $2+1 , ..., Vm2[[v], Vm2+1 , ..., Vk]
such that all edges joining v and W r1(v)[W
b
1(v)] are red [blue]. Claim 2
implies that at least one of sets Ri $2 , Bi $2 is not smaller than |Vi $2 |2. Denote
it by Ui $2 and if, say, Ui $2=Ri $2 , put W2=v # Ui $2 W
r
1(v) and i $3=m2+1.
Note that G2 contains at least w(k&1)2x among sets V1 , ..., Vk . For
k7 we have
w(k&1)2x>k3,
so for such k, we may repeat the above procedure l$=Wlog3 kX&2+1
times, successively constructing a system of sets Ui $1 , ..., Ui $l$ and Wl$ , such
that 1i $1< } } } <i $l$ , Ui $jVi $j and |Ui $j ||Vi $j |2 for j=1, ..., l$, Wl$
saturates Ui $1 , ..., Ui $l$ , and, most importantly, for j=1, ..., l$ all edges
between Wl$ and Ui $j are of the same colour (which, however, may depend
on j). Observe that if k10 then
Wl$2X=W(Wlog3 kX&1)2Xl=W (13) log3 kX,
and among Ui $1 , ..., Ui $l$ , there are at least l sets Ui1 , ..., Uil such that edges
between Wl$, and 
l
i=1 Uij are coloured with the same colour. Thus, for
k10, we can take as W$ any subset of Wl$ which saturates Ui1 , ..., Uil .
Now, to complete the proof, it is enough to observe that for k27 we have
l=1 and the assertion is immediate. K
Remark. The reader probably noticed that, lengthening the proof a
little bit, one could show Lemma 3 with l=W (12)(log2 k&2 log2 log2 k)X.
However, here and below we make no attempts to find the best values of
constants and sacrifice accuracy whenever it can simplify calculations.
3. Graphs with Many Induced Copies of a Given Subgraph
The purpose of this section is to strengthen a theorem of Brown and
Ro dl [3], who proved that for every graph Hn on nvertices and every
natural k there exists a graph G on O(n2(log n)2) vertices such that every
colouring of the vertices of G with k colours leads to a monochromatic
induced copy of Hn (more sophisticated results of this kind can be found
in the paper of Eaton and Ro dl [8]).
327INDUCED RAMSEY NUMBERS
File: 582B 167705 . By:BV . Date:27:01:00 . Time:11:03 LOP8M. V8.0. Page 01:01
Codes: 3542 Signs: 2685 . Length: 45 pic 0 pts, 190 mm
Lemma 4. For every s there exists a constant Ds such that for each r-par-
tite graph Hn with n vertices, where rs20, one can find an s-partite graph
G(Hn , r, s) on at most Dsn2(log n)2 vertices with an s-partition W1 , ..., Ws ,
for which the following holds. For every choice of indices 1i1 } } } i20rs
and every choice of sets UijWij such that |Uij ||Wij |2 for j=1, ..., 20r,
the subgraph of G(Hn , r, s) spanned by 20rj=1Uij contains an induced copy
of Hn .
Our proof of Lemma 4 will follow closely the original idea of Brown and
Ro dl [3]. The main ingredient of the argument is given by the following result.
Lemma 5 [3]. Let q be a prime and P be a projective plane of order q,
so P has N=q2+q+1 points and lines. Furthermore, let Y be a subset of
P of order w:NX for some constant :>0, and for each line l of P let
yl=|l & Y|. Finally, let L be a collection of lines of P with |L|=L
N12+= for some fixed =>0. Then l # L yl=(1+o(1)) :L - N.
Proof of Lemma 4. Let Hn be an r partite graph with n vertices v1 , ..., vn
and an r-partition (V1 , ..., Vr) (when there exist more than one possible
r-partition of the vertex set of Hn just choose any of them). Moreover let
P denote a projective plain with N=q2+q+1 points, where
N=Dsn2(log n)2 and Ds is a large constant (from the proof it will follow
that for large n it is enough to take Ds400 s3). We split every line l of
P into n sets S1(l), ..., Sn(l) performing a sequence of random experiments
in which each element of l is examined independently and include in Si (l)
with probability 1n, for i=1, ..., n. Then, we join by edges all vertices of
Si (l) with all vertices of Sj (l) whenever vertices vi and vj are joined in Hn ,
and put no edges between Si (l) and Sj (l) if in Hn vertices vi and vj are not
adjacent. Clearly, in such a way we create at least >ni=1 |Si (l)| induced
copies of Hn . We repeat this procedure for every line l of P.
Now we divide all points of P into s classes, W1 , ..., Ws , where the parti-
tion is obtained in a random way analogous to one above: we consider a
sequence of independent random experiments, each corresponding to some
point x # P in which we incorporate x into Wi with probability 1s. Finally,
we delete all edges which join vertices of the same class and denote the
s-partite random graph obtained in this way by Grand(Hn , s).
Our goal is to show that, with probability tending to 1 as n  , for
every choice of indices 1i1 } } } i20rs and sets UijWij such that
|Uij ||Wij |2 for j=1, ..., 20r, the subgraph of G
rand(Hn , s) spanned by
20rj=1Uij contains an induced copy of Hn .
Let us note first that with probability tending to 1 as n   for each line
l from P and every i=1, ..., s we have
- N(2s)|l & Wi |2- Ns. (1)
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Indeed, it is well known (see, for example, McDiarmid [11]) that if X is
a random variable with a binomial distribution Bi(n, p) then
P( |X&np|0.4 np)2 exp(&0.05 np).
Thus, for n large enough, the probability that (1) does not hold for one of
s sets W1 , ..., Ws , and one of N lines of P, is less than
2 sN exp(&0.04 - Ns)2 Dssn2(log n)2 exp (&0.04 - Dsn log n)
and tends to 0 as n  .
Now let 1i1 } } } i20rs, UijWij and |Uij|Wij |2 for j=1, ..., 20 r.
Furthermore, let l be a line of P such that
}l & .
20r
j=1
Uij }
20 rj=1 |Uij |
2N
- N
5r - N
s
(2)
From (1) and (2) it follows that there exists a choice of indices
i $1 , i $2 , ..., i $r # [i1 , i2 , ..., i20r] such that for every j=1, ..., r
|l & Ui $j |
1
10s
- N.
We will show that for every line l for which (2) holds, the probability that
l & rj=1 Ui $j contains an induced copy of Hn , is larger than 45.
Let us try to embed all vertices of Hn which belong to Vj into l & Ui $j ,
for j=1, ..., r. Clearly, it can be done whenever for every vj # Vt , where
j=1, ..., n and t=1, ..., r, we have
Sj (l) & Ui $t=Sj (l) & (l & Ui $t){<. (3)
Since elements of Sj (l) are chosen from l & Ui $t independently with prob-
ability 1n, for a given index i $t , the probability that (3) does not hold for
some vertex vj of H is bounded from above by
n \1&1n+
- N10s
n exp \& 110s
- N
n + .
Thus, the probability that there exist indices 1i $1< } } } <i $rs for which
Hn can not be embedded into l & rj=1Ui $j is less than
2sn exp(&- N10 sn),
which is smaller than 15 for n large enough, provided NDsn(log n)2 and
Ds400 s3.
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Now note that sets Ui1 , ..., Ui20r which fulfill our assumptions can be
chosen in at most 2N ways, and Lemma 5 guarantees that for all such sets
there are more than N2 lines l of P for which (2) holds. Hence the prob-
ability that for some sets Ui1 , ..., Ui20r , the subgraph spanned in G
rand(Hn , s)
by 20rj=1Uij contains no induced copy of Hn is smaller than
2N5&N2(0.9)N
and tends to 0 as N, and thus n, tends to infinity. Thus, we proved Lemma
5 for n large enough, which clearly implies that it remains true for every n,
with possibly larger constant Ds . K
4. Proof of the Main Result
In order to simplify our argument we start with defining a family of
graphs [Fn, k : k, n1] such that Fn, k has O(n2
k&1
) vertices and Fn, d 2+1
contains all graphs on n vertices with maximum degree at most d as
induced subgraphs. The advantage coming from introducing such a `univer-
sal' family is obvious: in the proof of Theorem 1, instead of checking
whether G wind Hn, d for every graph Hn, d with n vertices and the maximum
degree at most d, we shall just show that G wind Fn, d 2+1 .
Thus, let Fn, k be a graph such that:
(i) the vertex set of Fn, k can be partitioned into independent sets
V1 , ..., Vk , where |V1 |=|V2 |=n and |Vi |=>i&1j=1 |Vj | for i=3, 4, ..., k,
(ii) Vi saturates sets V1 , ..., Vi&1 for i=2, ..., k.
Let Ei denote the set of all edges joining Vi and  i&1j=1 Vj . Thus, if
1lk, then one can treat Fn, l as a subgraph of Fn, k with the vertex set
li=1 Vi and edges 
l
i=1Ei . Clearly, the following generalization of this fact
holds as well.
Claim 6. For every 1i1i2< } } } <ilk the subgraph of Fn, k with
the edge set lj=1 Eij contains an induced copy of Fn, l .
Our next result states that, as we have already mentioned, the family
[Fn, k : k, n1] is ``universal''.
Claim 7. Fn, d2+1 contains every graph on n vertices with maximum
degree d as an induced subgraph.
Proof. Let Hn, d be a graph on n vertices with maximum degree at most
d. Since for each vertex v of Hn, d at most d 2 vertices of Hn, d lie within
distance two from v, it is possible to partition the set of vertices of Hn, d
into independent sets W1 , ..., Wd 2+1 in such a way that for each
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1i<jd 2+1 the subgraph spanned in Hn, d by Wi _ Wj is a matching,
i.e. each vertex v has at most one neighbour in each of the sets
W1 , ..., Wd 2+1 (it is enough to take as W1 , ..., Wd2+1 the colour classes of
graph H 2n, d obtained from Hn, d by putting edges between all pairs of ver-
tices of Hn, d which lie within distance two from each other). We shall show
that Hn, d can be embedded into Fn, d 2+1 in such a way that Wi is mapped
into Vi for i=1, ..., d 2+1.
We embed the vertices of Hn, d into Fn, d2+1 one by one, first placing ver-
tices from W1 in V1 , then putting vertices W2 into V2 and so on. Suppose
that for some i, 1ik&1, we have already found images W$j Vj of Wj
for j=1, ..., i, and let w be a vertex of Wi+1 which has at least one
neighbour in  ij=1Wj . Note that w has at most one neighbour in each
from the sets W1 , ..., Wi and denote all neighbours of w in  ij=1Wj by
wi1 , wi2 , ..., wil , where wij # Wij for j=1, ..., l. Furthermore, for every
j=1, ..., i, let us choose a vertex vj # Vj"W$j . Now as an image of w we can
take a vertex w$ of Vi+1 such that
N(w$) & Vr={w$ijvr
if r=ij for some j=1, ..., l
if 1ri and r{ij for all j=1, ..., l.
Since no two vertices from Wi+1 can share the same neighbour in  ij=1 Wj ,
vertices of Wi+1 which have at least one neighbour in  ij=1 Wj are mapped
into different vertices of Vi+1. Finally, note that the set V 0i+1 of vertices of
Vi+1 which are not adjacent to vertices from  ij=1W$j has at least
`
i
j=1
( |Vi |&|Wi | )|V1 |&|W1 ||Wi+1 |
elements. Thus, all vertices of Wi+1 without neighbours in  ij=1 Wj can be
mapped into vertices of V 0i+1.
Let G windV Fn, k denote the fact that each 2-colouring of edges of G leads
to an induced copy of Fn, k , which is such that for every i=1, ..., k, all edges
corresponding to Ei are coloured using the same colour (which, however,
may depend on i). Claim 6 and the pigeonhole principle imply that
G wind Fn, k whenever G w
ind
V Fn, 2k . Thus, in order to prove Theorem 1, it
is enough to verify the following statement.
Theorem 1*. For every k there exists a constant ak such that for every
n one can find a graph G on at most nak vertices for which G windV Fn, k .
Proof of Theorem 1*. Using Lemma 4 we introduce a family of graphs
[Zn, k : k, n1] such that:
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(i) there are constants ak and bk , which depend only on k, such that
Zn, k is a bk-partite graph on at most nak vertices;
(ii) Zn, k w
ind
V Fn, k for every k, n1.
We define Zn, k using a recurrence with respect to k. Zn, 1 is an empty
graph on n vertices, i.e. a1=b1=1. Now suppose that we have constructed
bk -partite graph Zn, k on at most nak vertices. Put r=bk , s=360bk and let
G=G(Zn, k , r, s) be the graph whose existence is guaranteed by Lemma 4.
Thus, G is an s-partite graph on O(n2ak(log n)2) vertices with an s-partition
W1 , ..., Ws . Now, define Zn, k+1 as a graph obtained from G by adding to
its vertex set a new independent set Ws+1 with >si=1 |Wi | vertices and join-
ing Ws+1 to the rest of the graph by s|Ws+1 | new edges in such a way that
Ws+1 saturates sets W1 , ..., Ws .
Let
ak+1=a k+1+1=(2ak)3
60bk+1
and
bk+1=360bk+1.
Then, obviously, Zn, k+1 is a bk+1-partite graph with O(na k+1(log n)2bk+1)=
O(nak+1) vertices. Furthermore, the fact that Zn, k w
ind
V Fn, k follows almost
immediately from the definition of Zn, k , Lemma 3 and an elementary
recurrence with respect to k. Indeed, for k=1 both graphs Zn, 1 and Fn, 1
contain no edges, so trivially Zn, 1 w
ind
V Fn, 1 . Suppose now that
Zn, k w
ind
V Fn, k and consider a colouring of edges of graph Zn, k+1 with an
(s+1)-partition W1 , ..., Ws+1 described as above. Let us colour first all
edges incident to vertices from the largest set Ws+1 . From the Lemma 3
we know that there exist indices 1i1< } } } <i20rs, sets Uij Wij such
that |Uij ||Wij |2 for j=1, ..., 20r, and set W$Ws+1 such that
|W$|=>20rj=1 |Uij | , W$ saturates sets Ui1 , ..., Ui20r , and all edges of Zn, k+1
between W$ and 20rj=1Uij are of the same colour. But, due to our construc-
tion, a subgraph spanned in Zn, k+1 by 20rj=1 Uij contains an induced copy
of Zn, k and, from the induction assumption, we have Zn, k w
ind
V Fn, k . Hence
Zn, k+1 w
ind
V Fn, k+1.
Thus, Zn, k w
ind
V Fn, k for every k, n1 and the assertion follows. K
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